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Abstract. In this article wc study global-in-time Strichartz estimates for the Schro- 
dinger evolution corresponding to long-range perturbations of the Euclidean Lapla- 
cian. This is a natural continuation of a recent article [28] of the third author, where 
it is proved that local smoothing estimates imply Strichartz estimates. 

By 1281 the local smoothing estimates are known to hold for small perturbations 
of the Laplacian. Here we consider the case of large perturbations in three increas- 
ingly favorable scenarios: (i) without non-trapping assumptions we prove estimates 
outside a compact set modulo a lower order spatially localized error term, (ii) with 
non-trapping assumptions we prove global estimates modulo a lower order spatially 
localized error term, and (iii) for time independent operators with no resonance or 
eigenvalue at the bottom of the spectrum we prove global estimates for the projection 
onto the continuous spectrum. 



This article is a natural continuation of the third author's work in |28| . which studies 
the connection between long-time Strichartz estimates and local smoothing estimates for 
Schrodinger equations with C^, asymptotically flat coefficients. 

Given a time dependent second order elliptic operator in M" 



we consider the dispersive properties of solutions to the Schrodinger evolution 



Two of the most stable ways of measuring dispersion are the local smoothing estimates 
and the Strichartz estimates. The local smoothing estimates give time integrability 
for the spatially localized energy, with a half-derivative gain. To state them we use a 
local smoothing space X which will be defined shortly, and its dual X' , 



1. Introduction 



A{t,x,D) = Dia'\t,x)Dj + h\t,x)Di + D,b\t,x) + c{t,x) 




Pu := {Dt + A{t,x,D))u f, u{0) = uq. 




hWxnL^Ll < \\uo\\l^ + WfWx'+LlLl 



where in a first approximation one may set 
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The Strichartz estimates on the other hand measure the space-time integrabihty of 
solutions and have the form 

(1-3) Ml^^lI^ <hollL^ + ||/IL p' 4 

where the indices and (p2,'?2) satisfy the relation 




2 < p, q < oo 



and {p, q) ^ (2, oo) if n = 2. Any pair (p, q) satisfying these requirements will be called 
a Strichartz pairQ 

The local smoothing estimates have been long known to hold in the flat case ^ = — A 
and for certain small perturbations. For operators with variable coefficients, local in 
time smoothing estimates were first established in 7 and [9J. Global in time estimates 
on the other hand are considerably more difficult to obtain and are known only in some 
very special cases. See, e.g., 20, for time independent, non-trapping, smooth, compactly 
supported, though not necessarily small, perturbations of the Laplacian. 

There are also some known results which show global-in-time smoothing estimates in 
the presence of certain trapped rays. Here, the estimates involve a different spatial weight 
and a loss of regularity due to the trapping. See [6], [21] and the references therein. 

The Strichartz estimates hold globally in the flat case A = —A. Local- in-time Stri- 
chartz estimates for variable coefficient operators have also been established in [23] , [12] , 
and [H] provided, amongst other things, that the coefficients are non-trapping. We also 
refer the interested reader to the simplified approaches of [15] and [27]. Again, global 
in time estimates are more difficult and have been obtained only recently in [20] (time 
independent, non-trapping, smooth, compactly supported perturbations of the Laplacian) 
respectively [25 (small, long range perturbations of the Laplacian). 

The above references would be incomplete without mentioning the vast body of work 
on dispersive and Strichartz estimates for lower order perturbations of the Laplacian. 
For this we refer the reader to some of the more recent papers [TOl [11] and the references 
therein. 

The third author's article [55] is one of the starting points of this work. The main 
result in '55] is to construct a global in time outgoing parametrix for the equation (|l.ip for 
long range perturbations of the Laplacian. This construction uses the FBI transform, 
an approach that is reminiscent of the earlier works [24l |25l [26] for the wave equation. 
See, also, [27] for a survey of these techniques and the closely related work [2? which is 
based instead on a wave packet decomposition. 

The errors associated to the parametrix are handled using the local smoothing esti- 
mates. Consequently one is led to the second result of [28 , which roughly asserts that 

Local Smoothing Estimates =^ Strichartz Estimates. 



For simplicity of exposition, we shall not directly address the q = oo endpoint estimate. This permits 
us in the sequel to use Littlewood-Paley theory. See |14) for the corresponding endpoint argument in the 
flat case. 
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Local smoothing estimates are also proved in |28j . but only for small long range per- 
turbations of the Laplacian. The aim of the present work is to consider large long range 
perturbations of the Laplacian. 

A difficulty one encounters is the possible presence of trapped rays, i.e. geodesies 
which are confined to a compact spatial region. This brings us to our second starting 
point, namely Bouclet and Tzvetkov's work For smooth, time independent, long 
range perturbations of the Laplacian, they prove that local in time Strichartz estimates 
hold in the exterior of a sufficiently large ball, in other words that the loss due to trapping 
is also confined to a bounded region. Another aim of the present work is to provide an 
analogous result which is global in time and holds for time-dependent coefficients. 



1.1. Estimates outside a balL We begin with our assumptions on the coefficients. 
Consider a dyadic spatial decomposition of M" into the sets 

^o-{|2;|<2}, D, = {2^ <\x\<V+^}, j-1,2,... 

and for j > set 

= M X Dj, j > 0, A^j = M X < 2^} = (J Ai. 

Our weak asymptotic flatness condition has the form 
(1.4) ^sup {xf(\dla{t,x)\ + \dtait,x)\^ + {x)\d^a{t, x)\ + |a(t, 

and for the lower order terms we have a related condition. 



x) - /„ 



< K < OO 



(1.5) 



^^sup(x)|6(t,a;)| < k 



(1.6) 



sup{x)'^{\c{t,x)\ + |div b{t,x)\) < n 
limsup {x)'^{\c{t,x) \ + |div b{t,x)\) < e < 1 
f sup(a;)2(ln(2 + \x\^)f{\c{t, x)\ -f |div 6(t, x)\) < k, 
limsup {x f{\n{x)f{\c{t,x)\ + |div b{t,x)\) < £ < 1 

^ |a:|^oc 



n 7^ 2 



71 = 2. 



Here e is a fixed sufficiently small parameter. For any k, ()1.4p restricts the trapped 
rays to finitely many of the regions Aj. If k is sufficiently small, which we do not assume, 
then it is known that trapped rays do not exist. Notice that we may choose M — M{e) 
sufficiently large so that 

(1.7) sup[(x)2(|a2a(i,a;)| + \dtait,x)\^ + (2;)|9,a(i, x)| + |a(i, 

j>M 



X) - In 



< £ 



and 
(1.8) 



s\x\){x)\b{t,x)\ <e 

j>M 
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sup {x)^{\c{t,x)\ + |div b{t,x)\) < e, n 2 

(1 9) 

sup {xf (ln{x))^{\c{t,x)\ + \div b{t,x)\) <e, n = 2. 
To describe the local smoothing space X , we use a dyadic partition of unity of frequency 

oo 

1= Sk{D). 

k— — oo 

The functions at frequency 2^^ are measured using the norms 

\Mx, = ||u|L2^(A<o) +SUp||(x}-l/2ul|i2^(^^.), k>0 
j>0 

II^IIa-. =2^11^11^2 ^(^^_,)+ sup \\{\x\+2-'^)-^/ML^^^iA,), k<0. 

The local smoothing space X is the completion of the Schwartz space with respect to the 
norm 



\\u\\j,= ^ 2^S,urx^. 

k—-~oo 

Its dual X' has norm 

oo 

\\frx,= ^ 2-^-||5,/iii,. 

fc— — oo 

In dimension n > 3 the space X is a space of distributions, and we have the Hardy 
type inequality 

(1-10) <hllx. 

On the other hand in dimensions n — 1,2, the space X is a space of distributions modulo 
constants, and we have the BMO type inequality 



(1-11) Eii(^)"'("-^^.)iii?.(A,);sii«ii 

j>0 



where represents the (time dependent) average of u in Dj. At the same time X' 
contains only functions with integral zero. We refer the reader to [28j for more details. 

In [28] the case of a small perturbation of the Laplacian is considered, and it is proved 
that 

Theorem 1.1. [2H]- Assume that either 

(i) n > 3 and ()1.4p . ()1.5p . (|1.6p hold with a sufficiently small n or 

(ii) n = 1, 2, fe* = 0, c = and ()1.4p holds with a sufficiently small n. 
Then the local smoothing estimate 

(1-12) MxnLrLl < \\uo\\l- + WfWx'+LlLl 

holds for all solutions u to (ll.ip . 
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As one can see, the assumptions are more restrictive in low dimensions. This is related 
to the spectral structure of the operator A, precisely to the presence of a resonance at 
zero. This is the case if A = —A or, more generally, if 6' = and c — 0. However 
the zero resonance is unstable with respect to lower order perturbations. To account for 
non-resonant situations, it is convenient to introduce a stronger norm which removes the 
quotient structure, 

oo 

\\u\\l=\\{x)-'u\\l.^^+ J2 2l|5.«ll|„ n^2 

fc — — OO 

OO 

\\u\\l=\\{x)-\H2+\x\))-\\\l,^^+ J2 ^'WSkufx,, n^2. 

k— — oo 

Its dual is 

X' = X' + {x)Ll^, n^2, X' = X'+(x){\n{2+\x\))Ll^, n = 2. 

Due to the Hardy inequality above, if n > 3 we have X ^ X. On the other hand in low 
dimension the X norm adds some local square integrability to the X norm. Precisely, we 
have 

Lemma 1.2. Let n — 1,2. Then 

(1-13) ll"IU + hlU?,J{bl<i})- 



The first goal of this article is to show, without any trapping assumption, that loss-less 
(with respect to regularity), global-in-time local smoothing and Strichartz estimates hold 
exterior to a sufficiently large ball, modulo a localized error term. It is hoped that this 
error term can be separately estimated for applications of interest. Moreover, in the case 
of finite times, this error term can be trivially estimated by the energy inequality and 
immediately yields a C^, long range, time dependent analog of the result of [2]. 

For M fixed and sufficiently large so that (|1.7p . (|f .8p and (|f .9p hold, we consider a 
smooth, radial, nondecreasing cutoff function p which is supported in {|x| > 2^} with 
p(|a;|) = 1 for \x\ > 2*^+^. Then we define the exterior local smoothing space Xe with 
norm 

Mix, = \\pu\\x + ||(l-p)u||i2^ 
and the dual space X'^ with norm 

\\f\\x'^ = , ,inf II/iIIx' + II/2|Il?,. 
i=pii+(i-p)/2 

Now we can state our exterior local smoothing estimates. 

Theorem 1.3. Let n > 1. Assume that the coefficients a^^ , 6* and c are real and satisfy 
(|1.4p . p.5p . (|1.6p . Then the solution u to (|I.ip satisfies 



(1.14) Mx^r^L^Ll < hoh^ + WfWx'^+LlLl + 

In the low dimensional resonant case the situation is a bit more delicate. First of all, 
the above theorem does not give a meaningful estimate in the n = 1, 2 resonant case as 
the last term in the right of (|1.14p blows up for constant functions, which correspond to 
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the zero resonance. Since we do not control the local norm for X functions, truncation 
by the cutoff function p does not preserve the X space. To remedy this we define a time 
dependent local average for m, namely 

(1 — p) dx^ J (1 — p)u dx, 

and define a modified truncation by the self-adjoint operator 

TpU ^ pu+{l- p)up. 

We note that Tp leaves constant functions unchanged, as well as the integral of u (if 
finite). 

Then we set 

\\u\\x^ = \\Tpu\\x + \\u - TpuW^i^ 
and have the dual space X'^ with norm 



We now have the following alternative to Theorem 11.31 which is consistent with operators 
with a constant zero resonance: 

Theorem 1.4. Let n = 1,2. Assume that 

(i) the coefficients a^^ are real and satisfy (jl.4p ." 

(ii) the coefficients b' are real, satisfy (jl.5p . and dib^ — 0; 
(Hi) there are no zero order terms, c — 0. 

Then the solution u to p.ip satisfies 

(1.15) \\u\\x,nLf^Ll < lluolU^ + WfWxi + LlLl + II" - Wp||l2^({|^|<2M + i}). 

Once we have the local smoothing estimates, the parametrix construction in 28J allows 
us to obtain corresponding Strichartz estimates. If (p, q) is a Strichartz pair we define 
the exterior space Xe{p, q) with norm 

ll"llxe(p,g) = \Mx^ + WpA^li 
and the dual space X' [p^ q) with norm 

Theorem 1.5. Let n> I. Assume that the coefficients a*-', 6' and c are real and satisfy 
(|1.4p . (jl.Sp . p.6p . Then for any two Strichartz pairs {pi,qi) and {p2,q2), the solution u 
to (jl.ip satisfies 

(1-16) \W\\x,{p^,q^)nLTLl ^ WMl^ + II/IIx^(p2.<?2)+l;l^ + \\u\\lI^{{\x\<2M + ^})- 

Correspondingly, in the resonant case we define 

\\u\\x,ip,q) = \\u\\x, + \\pu\\L^Li 

and the dual space X'^{p, q) with norm 

||/IU^(p.,) ^ ^. inf ll/ilU^ + 11/2 ll^p'^,'- 
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Then we have 



Theorem 1.6. Let n = 1,2. Assume that the coefficients of P are as in Theorem \1.4\ 

Then for any two Strichartz pairs {pi,qi) and {p2,<l2), the solution u to (jl.ip satisfies 

(1-17) \\u\\x^(puqi)nL^Ll < I|wo||l2 + \\f\\x'^(p2,q2)+LlLl + \W - '"pIIl?_,({|2;|<2« + 1})- 

In both cases the space-time norms are over [0,T] x M" for any time T > with 
constants independent of T. If the time T is finite, then we may use energy estimates to 
triviaUy bound the error term. Doing so results in the following, which is a C^-analog of 
the exterior Strichartz estimates of [2]- 

Corollary 1.7. (a.) Assume that the coefficients a*-', &*, and c are as in Theorem \1.3l 

Then for any two Strichartz pairs {pi,qi) and (^2,92), the solution u to (jl.ip satisfies 

(1-18) ll"llx(pi,gi)nL-L2 ;$T IImoIIl^ + ll/llx'(p.,92)+LjL^ " 

(h.) Assume that the coefficients a^^ and V are as in Theorem \1.4\ Then for any two 
Strichartz pairs {pi,qi) and (^2,92); the solution u to (II. ip satisfies 

(1-19) l|w|U(pi,gi)nL-L2 <T IIwoIIl^ + ll/llA''(p2,92)+iJi^ 

In both cases, the space-time norms are over [0, T] x M" and T > is finite. 

We conclude this subsection with a few remarks concerning several alternative set-ups 
for these results. 

1.1.1. Boundary value problems. Our proof of Theorems [1.3ll.4[[T.5ll.6l treats the interior 
of the ball B — {\x\ < 2*^} as a black box with the sole property that the energy 
is conserved by the evolution. Hence the results remain valid for exterior boundary 
problems. Precisely, take a bounded domain fl C B and consider either the Dirichlet 
problem 

' Pu = f uiVL" 
u(0) = uo 
u = {] in dVl 



(1.20) 

or the Neumann problem 

(1.21) 

where 

and V is the unit normal to d^l. 
Then we have 



Pu^f 

m(0) = Mo 

au 



in VL" 
in dVl 



d_ 

dv 



Corollary 1.8. a) The results in Theorems l 1.3\ and \1.5\ remain valid for both the Dirichlet 
problem (jl.20p and the Neumann problem p.2ip . 

b) The results in Theorems \1.4\ and \1.6] remain valid for the Neumann problem (jl.2ip 
with the additional condition h^Vi — Q on dQ. 
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The more restrictive hypothesis in part (b) is caused by the requirement that constant 
functions solve the homogeneous problem. 

1.1.2. Complex coefficients. The only role played in our proofs by the assumption that 
the coefficients 6* and c are real is to insure the energy conservation in the interior region. 
Hence we can allow complex coefficients in the region {\x\ > 2*^+^} where the coefficients 
satisfy the smallness condition. 

In addition, allowing c to be complex in the interior region does not affect energy 
conservation either, since we are assuming an a priori control of the local space-time 
norm of the solution. Hence we have 

Remark 1.9. a) The results in Theorems \1.3\ and \1.5\ remain valid for complex coeffi- 
cients 6% c with the restriction that V are real in the region {\x\ < 2*^+^}. 

b) The results in Theorems \1.4\ and \1.6\ remain valid for coefficients 6' which are real 
in the region {\x\ < 2*^+^}. 

1.2. Non-trapping metrics. The second goal of the article is to consider the previous 
setup but with an additional non-trapping assumption. To state it we consider the 
Hamilton flow Ha for the principal symbol of the operator A, namely 

a{t,x,£,) = a'^ {t,x)£,i£,j. 

The spatial projections of the trajectories of the Hamilton flow Ha are the geodesies for 
the metric Uijdx^dx^ where (a^) — {a''^)~^. 

Definition 1.10. We say that the metric (oij) is non-trapping if for each R> there 
exists L > independent oft so that any portion of a geodesic contained in {\x\ < R} 
has length at most L. 

The non-trapping condition allows us to use standard propagation of singularities 
techniques to bound high frequencies inside a ball in terms of the high frequencies outside. 
Then the cutoff function p which was used before is no longer needed, and we obtain 

Theorem 1.11. Let R> be sufficiently large. Assume that the coefficients a*^, 5' and 
c are real and satisfy (|1.4p . (jl.Sp . (|1.6p . Assume also that the metric Oij is non-trapping. 
Then the solution u to (jl.ip satisfies 

(1-22) \\u\\^ < \\uo\\l- + ll/b, + ||^i||L?,,({|.|<2K}), 

respectively 

Theorem 1.12. Let R > be sufficiently large, and let n = 1,2. Assume that the 
coefficients of P are as in Theorem \1.4\ Assume also that the metric aij is non-trapping. 
Then the solution u to (jl.ip satisfies 

(1-23) < \\uq\\l^ + WfWx' + \\u - Mplli^ j||^|<2fl,}). 

We note that the high frequencies in the error term on the right are controlled by the 
X norm on the left. Also the low frequencies (<C 1) are controlled by the X norm using 
the uncertainty principle. Hence the only nontrivial part of the error term corresponds 
to intermediate (i.e. « 1 ) frequencies. 
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The proof combines the arguments used for the exterior estimates with a standard 
muhipher construction from the theory of propagation of singularities. Adding to the 
above results the parametrix obtained in |28J we obtain 

Theorem 1.13. Let R> be sufficiently large. Assume that the coefficients a*^, 6* and 
c are real and satisfy ()1.4p . ()1.5|) . ()1.6|) . Assume also that the metric aij is non-trapping. 
Then for any two Strichartz pairs {pi,qi) and {p2,q2), the solution u to (jl.ip satisfies 

(1-24) ll"llA'nLfiLji < + Il/II_Y'+Lf2i^2 + \MlI^{{\x\<2R])i 

respectively 

Theorem 1.14. Let n — 1,2, and let R > be sufficiently large. Assume that the 
coefficients of P are as in Theorem \1.4\ Assume also that the metric Oij is non-trapping. 
Then for any two Strichartz pairs {pi,qi) and {p2,q2), the solution u to (jl.l[) satisfies 

(1.25) llwllxriL^'iLli ^ II"o||l2 + ll/ll^,^^pi^^i + II" - Up\\lI^({\x\<2R})- 

1.2.1. An improved result for trapped metrics. A variation on the above theme is obtained 
in the case when there are trapped rays, but not too many. If they exist, they must be 
confined to the interior region {|x| < 2^^}. Then we can define the conic set 

^trapped = { (i, a;, G M X T*B(0,2^^); the Ha bicharacteristic through (t,^,^) 
has length at least L within |a;| < 2^"^}. 

Given a smooth zero homogeneous symbol q{x,^) which equals 1 for |a;| > 2^^, we define 
modified exterior spaces by 

II^IIa, = M^i D)u\\^ + ||u|jL2({|^|<2M + i}) 

with similar modifications for X^, Xq and X'^. 

Then the same argument as in the proof of the above Theorems gives 

Corollary 1.15. Assume that q is supported outside ^trapped some L > 0. Then the 
results in Theorems ll.Sl \1.5[ \1.4\ and \1.6\ remain valid with X^, X'^, X^ and X'^ replaced 
by Xq, Xq, Xq and X'q. 

We also note that if A has time independent coefficients then ^fj-^pped translation 
invariant. Hence a compactness argument allows us to replace ^trapped ^trapped^ which 
contains all the trapped geodesies. 

1.2.2. Boundary value problems. Consider solutions u for either the Dirichlet problem 
(ll.20p or the Neumann problem (|1.2ip . Then singularities will propagate along gener- 
alized broken bicharacteristics (see [13 HI] , [13] , [4j ) . Hence the non-trapping condition 
needs to be modified accordingly. 

Definition 1.16. We say that the metric (ciij) is non-trapping if for each R > there 
exists L > independent of t so that any portion of a generalized broken bicharacteristic 
is contained in {\x\ < R} has length at most L. 
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With this modification the resuhs of Theorems l 1 . 1 l l 1 1 . 1 2[ remain valid. However, some 
care must be talcen with the resuhs on propagation of singularities near the boundary, 
as not all of them are known to be valid for operators with only coefficients. 

On the other hand we do not know whether the bounds in Theorems 11.131 11.141 are 
true or not. These hinge on the validity of local Strichartz estimates near the boundary. 
This is currently an unsolved problem. 

1.2.3. Complex coefficients. Again, one may ask to what extent are our results in this 
section are valid if complex coefficients are allowed. We have 

Remark 1.17. The results in Theorems ] 1.1 11 \1.12l \l.liA \1.14\ remain valid if the coef- 
ficients 6* and c are allowed to be complex. 

This result is obtained without making any changes to our proofs provided that the 
constant k in (jl.Sp is sufficiently small. Otherwise, the multiplier q used in the proof has 
to change too much along bicharacteristics from entry to exit from B{0, 2^); this in turn 
forces a modified multiplier for the exterior region. See, e.g., [HIS] and [53]. 

1.3. Time independent metrics. It is natural to ask when can one eliminate the 
error term altogether. This is a very delicate question, which hinges on the local in 
space evolution of low frequency solutions. For general operators A with time dependent 
coefficients this question seems out of reach for now. 

This leads us to the third part of the paper where, in addition to the flatness assump- 
tion above and the non-trapping hypothesis on Oij, we take our coefficients a'-' , 5', c to be 
time-independent. Then the natural obstruction to the dispersive estimates comes from 
possible eigenvalues and zero resonances of the operator A. 

Since the operator A is self-adjoint, it follows that its spectrum is real. More precisely, 
A has a continuous spectrum cjc = [0, oo) and a point spectrum ap consisting of discrete 
finite multiplicity eigenvalues in M^, whose only possible accumulation point is 0. 

From the point of view of dispersion there is nothing we can do about eigenvalues. 
Consequently we introduce the spectral projector Pc onto the continuous spectrum, and 
obtain dispersive estimates only for PcU for solutions u to (|l.ip . 

The resolvent 

i?A = (A - A)-' 

is well defined in C\((TcU(Tp). One may ask whether there is any meromorphic continuation 
of the resolvent Rx across the positive real axis, starting on either side. This is indeed 
possible. The poles of this meromorphic continuation are called resonances. This is of 
interest to us because the resonances which are close to the real axis play an important 
role in the long time behavior of solutions to the Schrodinger equation. 

In the case which we consider here (asymptotically flat), there are no resonances nor 
eigenvalues inside the continuous spectrum i.e. in (0,cx)). However, the bottom of the 
continuous spectrum, namely 0, may be either an eigenfunction (if n > 5) or a resonance 
(if n < 4). For zero resonances we use a fairly restrictive definition: 

Definition 1.18. We say that is a resonance for A if there is a function u € X'^ so 
that Au =^ 0. The function u is called a zero resonant state of A. 
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Here X'~' denotes the spatial part of the X norm. I.e. X — LifX^ ■ 

The main case we consider here is when is neither an eigenfunction (if 11 > 5) nor a 
resonance (if n < 4). This imphes that there are no eigenvalues close to 0. Then A has 
at most finitely many negative eigenvalues, and the corresponding eigenfunctions decay 
exponentially at infinity. 

Theorem 1.19. Suppose that a^^ ,V ,c are real, time-independent, and satisfy the condi- 
tions (jl.4p . (ll.5p . and (|1.6p . We also assume that the Hamiltonian vector field Ha permits 
no trapped geodesies and that is not an eigenvalue or a resonance of A. Then for all 
solutions u to (|1.H) we have 

(1-26) \\Pcu\\x<\\u^h + \\f\\x'. 

From this, using the parametrix of [28], we immediately obtain the corresponding 
global-in-time Strichartz estimates: 

Theorem 1.20. Suppose that a^^,b^,c are real, time-independent, and satisfy the con- 
ditions (|1.4p . ()1.5p . and ()1.6p . Moreover, assume that the Hamiltonian vector field Ha 
permits no trapped geodesies. Assume, also, that is not an eigenvalue or a resonance 
of A. Then for all solutions u to (jl.ip . we have 

(1-27) \\PM\L-^^Ll^nx ^ ll"o||2 + 

for any Strichartz pairs (pi, qi) and {p2, (72)- 

One can compare this with the result of [20], where the authors consider a smooth 
compactly supported perturbation of the metric in 3 -I- 1 dimensions where no eigenvalues 
are present. Estimates in the spirit of (|1.27p have also recently be shown by [5], though 
only for smooth coefficients and with a more restrictive spectral projection. We also note 
the related work [lOj on Schrodinger equations with magnetic potentials. In their work, 
the second order operator is taken to be —A. Theorem II .201 is a more general version of 
the main theorem in [10] in the sense that it allows a more general leading order operator 
and that it assumes less flatness on the coefficients. 

In dimension n > 3 zero is not an eigenvalue or a resonance for —A, nor for small 
perturbations of it. However, in dimension n = 1,2, zero is a resonance and the corre- 
sponding resonant states are the constant functions. This spectral picture is not stable 
with respect to lower order perturbations, but it does remain stable with respect to per- 
turbations of the metric a*^ . Hence there is some motivation to also investigate this case 
in more detail. Wc prove the following result. 

Theorem 1.21. Assume that the coefficients of P are time-independent, but otherwise 
as in Theorem \1.4\ Assume also that the Hamiltonian vector field Ha permits no trapped 
geodesies, and that there are no nonconstant zero resonant states of A. Then for all 
solutions u to ()l.ip . we have 

(1-28) ll^illA- < ||iio||2+ ll/IU-'. 

In terms of Strichartz estimates, this has the following consequence: 

Theorem 1.22. Assume that the coefficients of P are time-independent, but otherwise 
as in Theorem \1.4\ Assume also that the Hamiltonian vector field Ha permits no trapped 
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geodesies, and that there are no noneonstant zero resonant states of A. Then for all 
solutions u to (II. ip . we have 

(1-29) hlL-L-nx < holh + WfW^^.^.j^^, 

for any Striehartz pairs {pi,qi) and (p2,92)- 

Implicit in the above theorems is the fact that there are, under their hypothesis, no 
eigenvalues for A. There is another simplification if we make the additional assumption 
that b = 0. 

Remark 1.23. // in addition 6 = 0, then there are no noneonstant generalized zero 
eigenvalues of A. 

In order to prove Theorems 11.191 and ll.21i we restate the bounds (|1.26p and (|1.28p in 

terms of estimates on the resolvent using the Fourier transform in t. We then argue via 
contradiction. Using the positive commutator method, we show an outgoing radiation 
condition (see Steps 8-10 of the proof), which allows us to pass to subsequences and 
claim that if (|1.26p were false, then there is a resonance or an eigenvalue v within the 
continuous spectrum. By hypothesis this cannot occur at 0. We use another multiplier 
and the radiation condition to then show that w e and thus cannot be a resonance. As 
results of [16j show that there are no eigenvalues embedded in the continuous spectrum, 
we reach a contradiction. If instead (jl.28p were false, then the same argument produces 
a noneonstant zero resonance, again reaching a contradiction. 

The paper is organized as follows. In the next section, we fix some further notations 
and our paradifferential setup. It is here that we show that we may permit the lower 
order terms in the local smoothing estimates in a perturbative manner. In the third 
section, we prove the local smoothing estimates using the positive commutator method, 
first in the exterior local smoothing spaces and then in the non-trapping case. The fourth 
section is devoted to non-trapping, time-independent operators. In the final section, we 
review the parametrix of |28j and use it to show how the Striehartz estimates follow from 
the local smoothing estimates. 

Aeknowledgements: The authors thank W. Schlag and M. Zworski for helpful discus- 
sions regarding some of the spectral theory, and in particular the behavior of resonances, 
contained herein. 



2. Notations and the paradifferential setup 



2.1. Notations. We shall be using dyadic decompositions of both space and frequency. 
For the spatial decomposition, we let Xk denote smooth functions satisfying 

oo 

1 = (^)' ™PP ^0 2}, supp xj C {2-'-i < |x| < 2^+1} for j > 1. 
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We also set 

X<k = ^3 
0<j<k 

with the obvious modification for x>fc- In frequency, we use a smooth Littlewood-Paley 
decomposition 

oo 

1= Yl ^^(^)' supp C {2^-1 < lei < 2^+1} 

j=-oo 

and similar notations for 5<fe,S'>fe are applied. 

We say that a function is frequency localized at frequency 2*^' if its Fourier transform 
is supported in the annulus {2'''^^ < |^| < 2'^+^}. An operator K is said to be frequency 
localized if if / is supported in {2'^^^" < |^| < 2'''+^'^} for any function / which is frequency 
localized at 2'^. 

For K as in (jl.4p . we may choose a positive, slowly varying sequence kj G £^ satisfying 

(2.1) snp{xy\dlait,x)\ + (x}\d^a{t, x)\ + |a(i,x) -/„[ < nj, 

A, 

and 

When the lower order terms are present, we may choose Kj so that each dyadic piece of 
(|1.5p is also controlled similarly. We may also assume that M in (|1.7p is chosen sufhciently 
large that 

3>M 

Associated to this slowly varying sequence, we may choose functions Kjt(s) with 

Ko < Kfe(s) < 2ko, < s < 2, 
< Kfc(s) < 2kj, 2^ < s < 2J+\ j > 1, 



'«fc < Kfc(s) < 2nk, < s < 2 
< Kk{s) < 2kj, V <s < 2-'+\ j > ~k 

<2-5s-Vfc(s). 



for /e > 0, 



for fc < 0, and 



2.2. Embeddings for the X spaces. Here we prove Lemma [1.21 For the purpose of 
this section we can entirely neglect the time variable. Let ■0 be a smooth, spherically 
symmetric Schwartz function with — 1 which is frequency localized in the unit 

annulus. Set 

Given u € X, we split it into 

in , out 
U = U + It 

where 

= TkSkU 

k<0 
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and Tfc is the operator 

TkV = v{t,0)Tpkix). 

For frequencies fc > 0, we have the dyadic bound 

\\{xr'Sku\\L^ < \\S,,u\\x, 
which we can easily sum over k to obtain 

\\{^r'S:.ou\\L^<\\u\\x. 

For frequencies fc < it is easy to see that 

(2.2) \\il'Tk)Sku\\x,<\\Sku\\x, 
foUows fr'om the bound 

(2.3) \\x<-kSku\\L2Lr<2'^''\\Sku\\x„ k<0. 
which is a consequence of Bernstein's inequaUty. 

The gain is that (1 — Tk)Sku{t, 0) = 0. This leads to the improved pointwise bound 

la^r^Kl - Tk)Sku\ < 2^''\\Sku\\x,, \x\ < 2-'' 
and further to the improved bound 

(2.4) sup\\{2''\x\+2-''\x\-^)^\x\-\l -TkjSkuU^^A,) <2^\\Sku\\x,- 

j 

Then, by orthogonality with respect to spatial dyadic regions, we can sum up 



[x)-'J2(^-n)s,u\\i.<\\u\\] 

k<0 

which combined with the previous high frequency bound yields 

(2.5) \\{x)-'u''-'\\l.<\\u\\x. 

For the terms in u*", differentiation yields a 2*^ factor, and therefore we can estimate 

(2.6) 11^-11^, < \\u\\x. 
It remains to prove the bounds 

(2.7) m-'v\\L2<\\v\\L2^Bio,iy) + \\v\\Hi, n^l 
respectively 

(2.8) \\{xr\\n{l + {x)))-^vU2<\\v\\mBio,i)) + \\v\\H^, n = 2. 

Due to the first factor in the right of both estimates, we may without loss of generality 
take V to vanish in 5(0, 1/2). For (j2.7|) we integrate 

2 / x^^vv^dx^ I x^'^v'^dx + R^^v'^iR). 

Jl/2 Jl/2 

Using Cauchy-Schwarz the conclusion follows. 
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For (|2.8p we argue in a similar fashion. We have 

2 I |a;|~2(ln(2+ |a;p))-iraVwdx = / {2 + \x\^)-\\n{2 + \x\^))-^v^dx 

+ / \x\-\\n(2+\x\''))-^v''da 

and conclude again by Cauchy-Schwarz. The lemma is proved. □ 

On a related note, we include here another result which simplifies the type of local 
error terms we allow in the non-trapping case. 

Lemma 2.1. Let n > 1 and R > 0. Then for each e > there is > and q > so 
that 

(2.9) \\{x)~^u\\l2 < £|1m|1x + C£||S'< 

Proof. Frequencies in u which are large enough can be estimated solely by the first term 
on the right. It remains to show that for large m we have 

\\s< 

For large x the left hand side can also be estimated solely by the first term on the right. 
It remains to show that for large m^k we have 

3 3 

\\{xy^X<kS<mU\\L^ < \\{xySx>kS<,nU\\L^ + Cfe^„ || 5'<„U || 2,2({ j^| <fl}) . 

We argue by contradiction. Suppose this is false. Then there exists a sequence uj G X 
so that 

\\{x)^^X<kS<mUj\\L2 = 1, \\{x)'ix>kS<mUj\\L^ < 1, II 5'<mUj || L2({ | ^|<fl}) 0. 

The functions {x)^i S<^mUj are uniformly bounded in all Sobolev spaces i?^(R"); there- 
fore on a subsequence we have uniform convergence on compact sets, 

Then the function u satisfies 

ll(a;)"^X<fc"llL2 = 1, ||(a;}"^x>fcw||L2 < 1, llwllL^di^K^}) = 0. 

But u is also frequency localized in |^| < 2™+^ and is therefore analytic. Then the last 
condition above implies u = which is a contradiction. □ 

2.3. Paradifferential calculus. Here, we seek to frequency localize the coefhcients of P. 
A similar argument is present in ^28j , where for solutions at frequency 2^ the coefficients 
are localized at frequency 

|f|«2'=/2(a;)-V2. 

Such a strong localization was essential there in order to carry out the parametrix con- 
struction. Here we are able to keep the setup simpler and use a classical paradifferential 
construction, where for solutions at frequency 2*^ the coefficients are localized at frequency 
below 2^ . For a fixed frequency scale 2*^, we set 
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and we define the associated mollified operators 

It is easy to verify that the mollified coefficients a^'^j satisfy the bounds 
|a"(a'^-/„)|<«fe(N|)(a;)-l"l, |a| < 2, fc>0 

(2 10) 

|5"(a;i)-/„)|<^«fc(|a;|)2l"l'=(2'=a;)-l"l, |a| < 2, fc < 0. 

The next proposition will be used to pass back and forth between and A. We 
first define 

k 

Proposition 2.2. Assume that the coefficients a'^ satisfy (|1.4p . and that 6 = 0, c = 0. 
Then 

(2.11) Y.'^-^\\^^{A-A(^))u\\\,<n^\\u\\\, 



(2.12) \\{A^A)u\\x'<n\\u\\x, 

(2.13) 2-^[A^^,^,SM\xi<^^\\u\\x,. 



Proof of Lemma \2.°A We begin by writing 

5fc(A-A(fe)) = v4r''+4'"' 

with 

fc+4 /c+8 

^r''= E E ^fcA(5/a'^)i?j5™ 

l>k+i m=l-4 

For A™^'^ we take Z = fc > m for simplicity; then it suffices to establish the off-diagonal 
decay 

(2.14) \\SkD,{Ska'WjS^v)\\x'^<K2'^\\S^v\\x^. 

If fc > m > then we have 

\\SkD,{Ska'W,Smv)\\x'^ < 2''\\Ska'W,Smv\\x'^ 

<K2-'^\\{x)-^D^SrnV\\x'^ 

<K2-''\\DjSmV\\x„, 

<K2"'-'^\\SraV\\x^- 
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If A; > > m then we have two spatial scales to deal with, namely 1 and 2^™. To 
separate them we use the cutoff function x<-m- For contributions corresponding to large 
X we estimate 

\\SkD,{Ska'^X>-mDjSrnV)\\x'^ < 2''\\Ska'^X>-mD,SrnV\\xl 

<K2-''\\\x\-\>^,nDjS^v\\x'^ 

<k2"'~''\\DjS^v\\x^ 

< n2^'^-''\\S„M\x^- 

For contributions corresponding to small x, we first note that by Bernstein's inequality, 
see (|2.3p . we have 

(2.15) Pj-^m^'llL?L~(A<_) < 2^"^\\S^v\\x,„. 

Then 

\\SkD,iSka'^X<-rnD,S,nV)\\x'^ < 2''\\Ska'^X<-r,rDjSraV\\xi 

<2-'=2^'"||(x)-2x<-™K(|a;|)||(xO),||5„z;||x„ 

< K2-''2^"'max{l,2^"'}\\S^v\\x^ 

< K2-'=niax{2'^™,22™}||5™z;|U„ 

where (X^)' is the spatial part of the Xj, norm, i.e. X'j, = Ll{X^)' . 

Finally if > fc > to then the spatial scales are 2^^ and 2^™, and we separate them 
using the cutoff function x<-m- The exterior part is exactly as in the previous case. For 
the interior part we use again (I2.I5P to compute 

\\SkD,{Ska'^X<-.nD,S,nv)\\x'^ < 2''\\Ska'^ x<^mD,S^v\\x'^ 

<2'^2^^^\\{2'^x)-\^^rrMm^XOy\\Sr,M\x^ 

< k2^2'^"' max{2-'^^ 2-2'=2^"}||S'™i;|ix„ 

< max{2-^'=2'^",2"''-22™}||S'™^;|U„. 

Hence (|2.14l) is proved, which by summation yields the bound (|2.1ip for A™^''-. The 
bound for follows from summation of (|2.14p in a duality argument. 

We note that in all cases there is some room to spare in the estimates. This shows that 
our hypothesis is too strong for this lemma. Indeed, one could prove it without using at 
all the bound on the second derivatives of the coefhcients. 

The bound ([^1^ follows by duahty from The proof of dUS]), as in [55], follows 

from the |a| = 1 case of ((5111)) . □ 

The next proposition allows us to treat lower order terms perturbatively in most of 
our results. 

Proposition 2.3. a) Assume that b,c satisfy (|1.5[) and p.6p . Then 

(2.16) \\{b'D, + D,b' + c)u\\^, < k\\u\\x. 
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b) Assume that b satisfies (|1.5p and div b — 0. Then 

(2.17) \\{b'D, +D,b^)u\\x' <k\\u\\x. 

Proof. This proof paraUels a similar argument in |28j . However in there only dimensions 
71 > 3 are considered, and the bound (|1.6|) is stronger to include the full gradient of 
b. Thus we provide a complete proof here. We consider two cases, the first of which is 
similar to [28j . while the second requires a new argument. 

Case 1: The estimate ((2?T6)) for n > 3 and ((2T7)) for n = 1,2. The estimate for 
the c term is straightforward since, by ()1.6p . 

{cu,v) < k\\{x)-^u\\l2J\{x)-^v\\l2^ < n\\u\\^\\v\\j^. 
For the b term, we consider a paradifferential decomposition, 

(2.18) [bW, + D,h')u - ^(5<fc6^A + D,S<kb')SkU 

k 

+ Y.{SubW, + D,SkV)SkU + Y,iS>kVD, + D,S>kb')SkU. 

k k 

The frequency localization is preserved in the first term; therefore it suffices to verify 
that 

||(5<fc6'A + D,S<kb')Sku\\x'^ < K2''\\Sku\\x,. 
The derivative yields a factor of 2*^ , and we are left with proving that 

\\S<kb'v\\x', < ^\\v\\x,. 
This in turn follows from the pointwise bound 

' Kki\x\){x)-\ k>0, 

^max|2'=Kfc(|a;|)(2'=x)~\K2'=(2'=a;)-2|, fc < 

which is easy to obtain. The second term on the second line above is only needed in the 
worst case n ~ 1. 

The remaining two terms in (|2.18[) are dual. Hence it suffices to consider the last one. 
We want the derivative to go to the low frequency; therefore we rewrite it in the form 

(2.19) 2Sykb^DiSkU — iSykdiv b SkU. 

k 

We consider the two terms separately. The second one occurs only in the case of (|2.16p 
but the first one occurs also in (|2.17p . So we need to show that 

\\Y,S>kb'D,Sku\\x' <n\\u\\x. 

k 

This will follow from the dyadic estimates 

\\S,nti'' Sku\\x'^ < K\\Sku\\x^, m> k. 
Given the pointwise bound on Smb\ this reduces to 

ll'S'fe"IU„ < \\Sku\\x^- 



S<kb''\ < 
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For |x| > max{2^''", 1} this is trivial. For smaller x we use (|2.3p . and the conclusion is 
obtained by a direct computation. 

It remains to consider the second term in (|2.19p . for which we want to show that in 
dimension n > 3 

(2.20) II S>kdiY h Sku\\ x'<>^\W\\x- 

k 

For this we establish again ofF-diagonal decay, 

(2.21) ||5,„div b 5feM||x,'„ < K(m - A:)2'=||5fcu|U,, m>k. 
This follows from the pointwisc bounds 

IS'mdiv h\ < k2^"'{2"'x)-^, m < 

IS'mdiv b\ < to > 0. 

We consider the worst case > to > A: and leave the rest for the reader. We use x<-k to 
separate small and large values of x. For large x we have 

||x>-fcS'„div b Sku\\x;^ < k|| |2:|~^x>-fe Sku\\x'^ < K2''\\Sku\\xf 

For small x we use (|2.3|) instead, 

\\x<-kSradiv b Sku\\x^ < K22'"2^'=||x<-fc(2'"a:)-2||(xs.)'l|5fcu||x, < K2''\\Sku\\x,. 

The last computation above is accurate if n > 4. In dimension ri = 3 we encounter 
a harmless additional logarithmic factor |to — k\. However ii n — 1,2 then the above 
off-diagonal decay can no longer be obtained. 

Case 2: The estimate (|2.16p in dimension n = 1,2. The c term is again easy to 
deal with. We write the estimate for 6 in a symmetric way, 

mD, + D.,b^)u,v)\<K\\uy\\v\\x. 
We use the decomposition in Section [^21 

u = v = v'"+v''"*. 

We consider first the expression 

+ Afo')"°"*,^'°"*)- 

For this we can take advantage of the improved bound (12. 4p to carry out the same com- 
putation as in dimension n > 3, establishing off-diagonal decay. Precisely, the difference 
arises in the proof of (|2.2ip . whose replacement is 

(2.22) \\Srndivbil~Tk)Sku\\x;^^<K{m-k)2''\\Sku\\x„ m>k. 

Consider now one of the cross terms, 

{{b'D, + D,b')u'",v'"'') = ((26'A - idiv6)M",z;°"*). 

The proof for the other cross term will follow similarly. For the div b term we use the 
bound for both u™ and w""*, as in the case of c. For the rest we use (|2.6p and (|2.5p to 
estimate 

\{bW,u^^,v°^')\ < ||^."i|^,||6«°"*|U. < \\u\\x\\v\\x. 
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Finally, consider the last term 

{{bW, + D,b')u"\vn. 
In dimension n — 1, we can easily estimate it by 

This argument fails for n = 2 due to the logarithmic factor in the weights. Instead 
we will take advantage of the spherical symmetry of both m™ and v™ . 

In polar coordinates we write 
and 

div b ^ drV + r-^¥ + r-^deb'^. 

For a function b{r,9), we denote b{r) its spherical average. By spherical symmetry, we 
compute 

{b'D,u"\v'") = {ib''Dr + r-^b''Dg)u'",v'") = (D^m™, 
Then we can estimate 

mD,+D,b^)u-\vn\ < iiu™iiHiii&'-«"iiL^ + ik"iiAiii&"'-«™iiL^ < ikiixiiHix 

provided we are able to establish the improved bound 
(2.23) \b-{r)\ < (r)-i(ln(2 + r))-i. 

For this we take spherical averages in the divergence equation to obtain 

drb'' + r-^¥ = diTb. 
At infinity we have b(r) — o{r^^). Integrating from infinity we obtain 

/>OC 

¥{r) = - dhr6(s)ds. 

J r ^ 

Hence 

W{r)\ < / -(l + s)-'(ln(2 + s))-2ds 



r 

and (p:^ follows. □ 



3. Local smoothing estimates 



In this section we prove our main local smoothing estimates, first in the exterior region 
and then in the non-trapping case. 
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3.1. The high dimensional case n > 3: Proof of Theorem 11.31 The proof uses 
energy estimates and the positive commutator method. This turns out to be rather 
delicate. The difficulty is that the trapping region acts essentially as a black box, where 
the energy is conserved but little else is known. Hence all the local smoothing information 
has to be estimated starting from infinity along rays of the Hamilton flow which are 
incoming either forward or backward in time. 

We begin with the energy estimate. This is standard if the right hand side is in LjL^, 
but we would like to allow the right hand side to be in the dual smoothing space as well. 

Proposition 3.1. Let u solve the equation 

(3.1) Dt+Au = h+ f2, u(0)=wo 
in the time interval [0, T] . Then we have 

(3.2) MItli < IWoWh + WhWliLi + MxJlhWx'^- 
Proof. The proof is straightforward. We compute 

Hence for each i G [0, T] we have 

Mmh < M0)\\h + ML-LiWhhiLi + MxJ\f2\\x'^- 

We take the supremum over t on the left and use bootstrapping for the second term on 
the right. The conclusion follows. □ 

To prove (jl.l4p we need a complementary estimate, namely 

(3.3) \\pu\\l < \\u\\l^^.^ + IIMlij^. + \\ph\\% + \\{x)-\\\li^- 

Given (|3.2p and (|3.3p . the bound (|1.14p is obtained by bootstrapping, with some careful 
balancing of constants. 

It remains to prove p.3p . We will use a positive commutator method. We shall assume 
that 5 = and c = 0. For a self-adjoint operator Q, we have 

2Q{Au,Qu) = {Cu,u) 

where 

C^i[A,Q]. 

As a consequence of this, we see that 

^{u, Qu) = -25((A + A)u, Qu) + {Cu, u). 

Taking this into account, the estimate (13. 3|) is an immediate consequence of the following 
lemma. 

Proposition 3.2. There is a family Q of bounded self-adjoint operators Qp with the 
following properties: 

(i) L'^ boundedness, 

\\Qp\\l-^l^<1 
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(a) X boundedness, 

\{QpuJ)\<\\pfhMpuh 

(Hi) Positive commutator, 

sup {Cu,u) > ci\\pu\\\ - C2\\(x)^^u\\1: 
QpeQ ' 



We first note that the condition (ii) shows that QpU is supported in > 2^^} and 
depends only on the values of u in the same region. Hence for the purpose of this proof 
we can modify the operator A arbitrarily in the inner region {|.t| < 2*^}. In particular 
we can improve the constant k in (|1.4p to the extent that p.7p holds globally. Similarly, 
we can assume without any restriction in generality that u = in < 2*^}. 

Using (ii), we may argue similarly and assume that (|1.8p and (|1.9p hold globally if 
lower order terms are present. The estimate (|2.16p then justifies neglecting the lower 
order terms in A. I.e., we may assume that & = 0, c = 0. 



Proof. The main step in the proof of the proposition is to construct some frequency 
localized versions of the operator Qp. Precisely, for each fc e Z we produce a family Qk 
of operators Qk, which we later use to construct Qp. We consider two cases, depending 
on whether k is positive or negative. 

We first introduce some variants of the spaces Xk- Let fc G Z and ~ 
negative part. For any positive, slowly varying sequence {oLrn)\m>k- with 

otj ^ 1, afc- sa 1, 

k>k- 

we define the space X^^a with norm 

j>fe- 

Then our low frequency result has the form 

Lemma 3.3. LeA n > 1 and k < 0. Then for any slowly varying sequence (am) with 
a_fc w 1 and X]m>-A;'-'^™ ~ ^' ^^^^^^ self-adjoint operator Qk so that 

(3.4) WQkuh^ < \\u\\l^, 

(3.5) l|C?fe«IU.,„ < lkl|x.,„, 

(3.6) {Cku,u)>2''\\u\\^x,,^, Ck=t[A^k),Qk] 
for all functions u frequency localized at frequency 2*^ . 



Proof. We argue exactly as in [28', Lemma 9]. The only difference is that here we work 
with the operator A(^k) whose coefficients have less regularity, but this turns out to be 
nonessential. 
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We first increase the sequence (a„j) so that 

(ofm) remains slowly varying, 
arn = 1 for m < —k 

(3-7) <! y: «™ « 1, 

m > — 

Km < £Q^m for TO > — fc. 

To this slowly varying sequence we may associate a slowly varying function a{s) with 

a(s) « a™, s « 2"+^ 

We construct an even smooth symbol (p of order —1 satisfying 

(3.8) </)(s) « (,s)-i, s > 

(3.9) 0(,)+50'(s)«^, s>0. 

We notice that the radial function S^io{D)(t){\x\) satisfies the same estimates; therefore 
without any restriction in generality we assume that ^!>(|a;|) is frequency localized in 
1^1 < 210. 

We now define the self-adjoint multiplier 

Qk{x, D) = 5{Dx(l){2''5\x\) + 4){2''5\x\)xD). 

For small 6 this takes frequency 2^ functions to frequency 2^ functions. The first property 
p.4p follows immediately. The estimate (|3.5|) is also straightforward as the weight in 
the Xk^a norm is slowly varying on the dyadic scale. It remains to prove (j3.6l) for which 
we begin by computing the commutator 

Ck = ^5D,<j,{2H\x\)a'^^^D, 

(3.10) + 2^+^6'^(Dx\x\~^(|)'{2*'5\x\)x^al^^^DJ + D^a'^^^^Xj\x\-^(l)' {2^5\x\)xDj 

- 25D,cj,{2H\x\){xidia'l^^)D, + dMlk)id,d{5x(l>{2H\x\)))). 

The positive contribution comes from the first two terms. Replacing a|^-j by the identity 
leaves us with the principal part 

Cl = ^5D<i){2^5\x\)D + ^5D^2''6\x\4>'{2^5\x\)^D 

\x\ \x\ 

which by p.9p satisfies 

{Clu.u) > 4J((^(2^^|x|) + 2'^S\x\cl,'{2''S\xmu,Wu) > ^^'^ C^^^J^^^ 

Since a|-^^(x) ~5^^ ~ 0(Kfe(|x|)), the error we produce by substituting a^-^^ by the identity 
has size 

ro2fc / ^k{\x\) 

\(2^"'" 

It remains to examine the last two terms in Ck.. Using (|2.10p . we see that 



|j0(2'=^|.|)(.,a.a;i^)l < 
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So, the third term yields an error similar to the above one. 
Finally, 

ia(„ji,(c,,8(*x0(2'*i))))i < Ig, < 

which yields 

{dda%.^{d,d5x<l>{2H\x\)))u,u) < S'2'''(^&^u,u 

Summing up, we have proved that 
(3.11) 

In order to absorb the second term into the first we need to know that S is sufficiently 
small. This determines the choice of (S as a small universal constant. In order to absorb 
the third term into the first we use the last part of (j3.7|) and the fact that a is slowly 
varying on the dyadic scale to estimate 

k{\x\) < ea{2''\x\) < S-ha{2''S\x\). 



Thus the third term is negligible if e <C (5. This determines the choice of e in p.7|) . (jl.Sp 
and (Hill). □ 



We continue with the result for high frequencies. 

Lemma 3.4. Let n > 1 and k > 0. Then for any sequence (am) with ao = 1 and 
X]m>o '^^^L — 1 there is a self-adjoint operator Qk so that 

(3.12) WQkuh^ <\\u\\l2, 

(3.13) IIQfe^lU.,. < Mx,,^, 

(3.14) {Cku,u)>2''\\u\\j,^^, Ck^i[A^k),Qki 

(3.15) 2Q-{[A^k),P<k]u,QkP<ku) < 2-''\\{x)-^u\\l,^ 

for all functions u frequency localized at frequency 2^ . Here, p<fc = S<^k-iP where p is as 
in the definition of . 



Proof. We replace the sequence {am) by a larger one satisfying an analogue of (|3.7 
namely 



(3.16) 



{am) is slowly varying, 

ao = 1 

^ am ~ 1, 

m>0 

Km < £am for m > 0, 



and let a be a slowly varying function satisfying 

a{s) « am, s w 2" 
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We construct ((> as in the low frequency case so that (|3.8p and (|3.9p are satisfied. Then 
we set 

Qk = 2-'=<5(Aai^fc)a:j0(<5|x|) + (j,{8\x\)a%^x,D,). 

This choice is not very different from the one in the low frequency case. The metric a'^ 
is inserted in order to insure a crucial sign condition in the proof ()3.15p . 

The first property, p.l2p , is immediate from the properties of (f) and (|2.10p . The bound 
(|3.13P is also straightforward since the coefficients a^-^^ are bounded. 

Proof of (j3.14p : In order to prove (|3.14p . we calculate (using the symmetry of a'^) 

Ck =62-'' 



(3.17) 



2Aa|r)9„(a;^,)X,0(<5|x|))A + 2A9;(a;i)X,</.((5|a;|))a|^)i?„, 

The main positive contribution is obtained by substituting a by /„ in the first two terms, 
= 2-^-5 [2Didiix^<j)iS\x\))D, + 2DAixrct>{S\x\))Di] 



D(P{S\x\)D + D--6\x\(j)'{S\x\)—rD 



As in the low frequency case, this satisfies 

{C',u,u)>S2' 



fc / «(^kl) 
{S\x\) 



-u, u 



for any function u localized at frequency 2'"'. The other contributions are shown to be 
smaller error terms. Consider for instance the error made by substituting a|^,j by /„ in 
the first term. By (|2.10p . we can estimate 

W^^dra{al^x,mA))~&''^d„,{5^^x,cp{5\A))\ < ^ 
which contributes to {CkU,u) an error of size 



52" 



(Sx) 



-u, u 



A similar contribution comes from the second term and the third term. Finally, for the 
last term in C we have 

2'=Kfe(|a;|) 



\di{a^^)dMal)X,M5\x\m< ^^^^^^^ 
which yields an error of size 

{5x) 

Summing up we have proved that 



52 ^ 2''Kk{\x\) 5'^a{5\x\) 



(3.18) (Cfcu,w) > ci(52* 



C25^2~ 



{5xY 

am) 
{6x) 

a{S\x 



< 



{5x) 



{6x) 



■u, u 



-u, u 



C3S2'' 



(Sx) 



■u, u 



(Sx) ~ \ {Sx) 

Choosing 6 small enough (independently of (am) and fc), the second term on the right is 
negligible compared to the first. Since a is slowly varying, by (I3.16P the last term is also 
negligible provided that e is sufficiently small. Hence p.l4p follows. 
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Proof of (|3.15p : We denote by L the self-adjoint operator 



and begin by calculating 



= -\A~^p'<kL + ixia\l.^dj{\x\-^ p'^k) 

and 

2''QkP<k = Sp<k<t){S\x\)L - ixia^l^{p<^kdjHS\x\) + 2(t){S\x\)djp<k)- 
Thus, after one integration by parts we obtain 



(3.19) 2''^{[A^k),P<k]u,Qp<ku) = -Sj \x\~^p'^kmA)P<k\Lu{'dxdt+ / V\u{'dxdt 

where the scalar function V is given by 

V = {x^a^l^dj +dia^\^Xj) (^p<fe0((S|a;|)x/a(™)9„(|a::|" V<a 

+ (^i^\k)'^j + ^i"(fe)^j) {\A~^P'<k^i^\"k)iP<kdm4>iS\x\) + 2(/)((5|a;|)9,„p<fc)^ 
- (2^ia(i)5i(|a;rV<fe)) (xia\l!-j[p<kdm(l)iS\x\) + 2(l3{6\x\)dmP<k] 



Morally speaking, the first term in (|3.19p is negative and can be dropped. This is true 
modulo the tails that are introduced by the frequency cutoff which is applied to p. Since 

k-'(p'M-p'<fe(r))|<2-"'=(r)-^, 

the error is estimated by 

2-^'^\\{x)-M% ■ 

t,x 

On the other hand the weight V is bounded and rapidly decreasing at infinity, 

from which p.lSp follows. □ 



We now return to the proof of Proposition [3?2l We choose Qp of the form 

oo 

Qp = ^ pSkQkSkp 

k—~oo 

where for each k we have an bounded self-adjoint operator localized at frequency 2'^'. 

The boundedness of Qp follows from the boundedness of Qk, and the X bound- 
edness of Qp follows from the Xk.a boundedness of Qk after optimizing in a. It remains 
to consider the commutator C. We write 

C = i^[A, pSkQkSkp]- 

k 

We first replace A by A(^k) and p by p<fc for fc > and by 1 for /c < 0. This generates 
error terms which we need to estimate. 
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If fc < then these error terms are estimated as fohows. We first want to substitute 
A by j4(j.-), and as such, we see errors of the form 

(3.20) \([A, p]u, SkQkSkpu) I + I ^ ((A - A(^k))pu, SkQkSkpu) \ . 

k<0 k<0 

For the first term, we use p.5|) (after optimizing in a) 

\{[A,p]u, SkQkSkPu)\ < \{~2tD,a'^{d,p)u + dj{{d,p)a'^)u, ^ SkQkSkPu)\ 

fe<0 fe<0 

^ ll"llL?^(2A^<|a;|<2M + i)|| ^ || ^2 ^ ({aM < <2M + l l.) 

fc<0 

< \\{x)-'u\\LiJ\J2SkQkSkpu\\x 

k<0 

^ \\{=^y^u\\i^2j\pu\\^. 

For the second term in (|3.20p . we use (|2.1ip and (|3.5p to see that 

I ^((A - A^k))pu, SkQkSkPu)\ < (J2 ^'"WSkiA - A^k))pu\\j,,) ' \\pu\\x 



k<0 



For the remaining errors, we use the fact that yl^^-) preserves locahzations at frequency 
2*= combined with ((2?T0)) . and ((O)) to see that 

~^)'"''^'^'5fe'S'fcPu)| < ||(a;)"^u||£2 J|(x)^^5fcQfc5fcyl(i,)(l - p)u\\lI^ 

fe<0 k<0 

<\\{xrMLij\{i-pMLi^ 

and respectively, 

I J2iM^^SkQkSk{l - P)u)\ < \\{x)-'u\\LiJ\{xfA^,^ SkQkSkil - p)u\\l2_^ 

k<0 k<0 

<\\{x)-'u\\LlJ\il~p)u\\LU. 

In both formulas above the last step is achieved by commuting the x'^ factor to the right, 
where it is absorbed by the (1 — p) factor. The two possible commutators may yield an 
extra 2~^'^ factor, which is compensated for by the two derivatives in A^^/.-f . 

On the other hand if fc > then we have the bound 

I I ^ n-Nki \-N 

\P~P<k\<2 {x} . 

This estimate clearly provides summability in fc, and the control for the correction terms 
similar to the above ones follows from analogous arguments. The terms, e.g., of the form 
11(1 — p)u||i2 are simply replaced by II (x}~^u||2:,2 . 

Hence we are left with the modified commutator 

C = «^[^(fc), S'feQfcS'fe] + i Y [^(fc) ' P<kSkQkSkP<k] 

fc<0 fe>0 

where all terms are now frequency localized. The first term is rewritten in the form 
*[^(fe)i SkQkSk] — i[A(^k), Sk]QkSk + iSkQk[A(k)i Sk] + SkCkSk- 
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For the first two terms we use the commutator estimate (I2.13|) and the Xf^ boundedness 
of Qk (|3.5p . We can, thus, bound the corresponding inner products by 

4pu\\l + e\\{l - p)u\\l2^^. 

For the third term, we shall use (|3.6p . 

Next we consider the high frequency terms in C, 

[-^{k), P<kSkQkSkP<k] — P<k[-A{k): SkQkSk]p<k + [A[k)-, P<k]SkQkSkP<k 

+ P<kSkQkSk[A(^k)T P<k]- 

The first term is treated as above but using (j3.14p instead. For the remaining two 
terms we commute both outside factors inside. This yields a main contribution which is 
estimated by (|3.15p . 

2'^{[A(k),p<k]SkU.QkP<kSku) < 2-'^\\{x)-^Sku\\%y 

The remaining terms involve an extra commutation which kills the remaining derivative 
in Also /3<fc is differentiated, which yields rapid decay at infinity. Hence we can 

bound them by 

\\{x)-'Sku\\% . 
Summing up, we have proved that 

{Cu,u) > ci (E2ll^^"llL..(., +E2ll^fcP<^"llL.(J 

\fe<0 k>0 / 

-C2{\\{x)-Mli^+e\\pu\\l) 

where for each k we have used a different a denoted by a{k). Optimizing with respect 
to all choices of a{k) we obtain 

{Cu,u) > ci (^2^-||5,u||^^. +^2^-||5fep<,u||^J 

\fe<0 k>0 / 

-c2{\\{x)-Mli^+e\\pu\\l) 
which for e sufficiently small yields part (iii) of the proposition. □ 

3.2. The non-resonant low dimensional case n = 1,2: Proof of Theorem 11.31 

Almost all the arguments in the high dimensional case apply also in low dimension. The 
only difference arises in part (ii) of Proposition 13.21 Since the multiplication by p is 
bounded in both X and X' , the property (ii) reduces to proving that 

oo 

SkQkSk : X ^ X. 

k— — oo 

In dimension n > 3 the X norm is described in terms of the Xk norms of its dyadic 
pieces, and the above property follows from the Xk boundedness of Qk at frequency 2*^. 
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However, in dimension n = 1,2 the X norm also has a weighted component. The 
high frequency part fc > of the above sum causes no difficulty, but the low frequency 
part does. We do know that 



SkQkSk : X ^ X. 

k—~oo 

Therefore, due to Lemma If .21 it would remain to prove that 



SkQkSku < \\u\\j>. 

k—~OG 

Unfortunately, the operators SkQkSk act on the 2^'' spatial scale; therefore without 
any additional cancellation there is no reason to expect a good control of the output in a 
bounded region. The aim of the next few paragraphs is to replace the above low frequency 
sum by a closely related expression which exhibits the desired cancellation property. 

First of all, it is convenient to replace the discrete parameter fc by a continuous one a. 
The operators Sa are defined in the same way as Sk by scaling. Let (j)k be the functions 
in Lemma 13.31 The functions (pa- sue defined from (pk using a partition of unity on the 
unit scale in a. The normalization we need is very simple, namely (/)fc(0) = 1, which 
leads to '/>ct(0) = f . The operators Qa are defined in a similar way. Then it is natural to 
substitute 

.0 



SkQkSk / SaQcfSada 

J —oo 



k— — c 

and all the estimates for the second sum carry over identically from the discrete sum. 

However, the desired cancellation is still not present in the second sum. To obtain 
that we consider a spherically symmetric Schwartz function (fP localized at frequency 
<g; f with (f>^{0) — f. Then we write ipa- in the form 

The modified self-adjoint operators Q^ are defined as 

Qcr — SaQa.tjj^^iy 2 5 xSaQcr,4'cr^<TX 

where, as in Lemma 13.31 we set 

Q^^^ = d{Dx(j)(2''6\x\) + (t){2''d\x\)xD). 

We claim that the conclusion of Proposition 13.21 is valid with the operator Q defined 

as 

/O oo 
Qad<j + Y, SkQkSk. 
-°° k=0 

The family Q is obtained as before by allowing the choice of the functions (pk to depend 
on the slowly varying sequences (aJ)jgN which are chosen independentl}0 for different k. 



^In effect, without any restriction in generality, one may also assume that is also slowly varying 
with respect to a 
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There is no change in part (i) of Proposition 13. 21 For part (ii) we need to prove that 
(3.22) \\Qu\\^ < \\uy. 



The high frequencies are estimated directly from the X norm; therefore we have to 
consider the integral term in Q and show that 

1-0 



Qa-u da 



< 



X 



The X component of the X norm is easily estimated by Littlewood-Paley theory, so 
due to Lemma ll.2| it would remain to prove the local bound 



(3.23) 



Qa-uda 



< 



^x■ 



LIA{M<1}) 

We can neglect the time variable in the sequel. We have the bound 

IIQ(tW||x„ < \\SaU\\x„ 

which leads to 

\\^QMx.<2^\\S.u\\x^ 
and the corresponding pointwise bound 

which establishes the convergence and the bound for the corresponding integral 

VQauda < \\S<ou\\x- 

Hence in order to prove (|3.23p it remains to establish a similar bound for the integral 
at a; = 0. Assume first that u £ , which arguing as above guarantees the uniform 
convergence of the integral. Denoting by K^, the kernel of Sa we have 

(Qau)(0) = {S„Q„,^«S„)u{0) 



= J Qa,,p«{x,D^)K„{x) J K„{x - y)u{y)dydx 
= {Slum 

where is the frequency localized multiplier with spherically symmetric Schwartz kernel 
Due to the frequency localization we can define 



Slda. 



The punch line is that by construction the operators S], have the same kernel up to the 
appropriate rescaling. This implies that the symbols of S]^q are constant for |^| < 2~^. 
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Hence both the symbols and the kernels K^q of S^q are Schwartz functions which coincide 
modulo rescaling. Hence for all functions u G we have 



which leads to the estimate 







This completes the proof of the estimate p.23|) for all u E L"^, and, by density, shows 
that the integral 

/ Qada 

has a unique bounded extension to X . 

It remains to prove part (iii) of Proposition 13.21 If Q„ is replaced by SaQaSa then 
the high dimensional argument applies by simply replacing sums with integrals. Hence 
it remains to estimate the difference. Commuting we obtain 

Commuting again to take advantage of the cancellation between the first two terms, by 
semiclassical pdo calculus we can write 

where the symbol r^d/,-!]) is localized in {|?7| « 1} and satisfies 

\dyi;r,{y,v)\<Co.p{y)-'. 

This implies the bound 

IKQ, - S^Q^S^Mx^ < d^2-''\\S„u\\x^. 

Therefore without any commuting we obtain 

\{[Qa - S,Q,S,,A^^)]u, u)\ < S^\\u\\j,. 

This error is negligible since, as one can note in the proofs of Lemmas 13. 3[ 13. 4[ the 
constant ci in (iii) has size ci = 0{6). 

3.3. The resonant low dimensional case n = 1,2: Proof of ll.4i The proof follows 
the same outline as in the non-resonant case, with minor modifications. The energy 
estimate p.2p is now replaced by 



(3.24) \\u\\i^^, < holli. + ll/illiji. + MxJlP. 



2\\X' 



Instead of the exterior smoothing estimate (|3.3p . we need to prove 

(3.25) WT.uW'x < Ml^^. + ll/illij^. + \\T,hrx, + \\{x)-^iu u,)\\l 



The estimate (jl.isp then follows from the previous two estimates as well as ()2.9p . 
The lower order terms will still be negligible. Indeed, letting B — 2b^Di, we have 



TpBu = BTpU - {Bp){u - Up) + (1 - p) l^j (1 - p)dx^ J 



{Bp){u — Up)dx. 
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Therefore by (|2.17p . we obtain 

\\TpBu\\x'<e\\u\\x^, 

which combined with the X boundedness of our multipUer befow shows that the fower 
order terms can be neglected. 

The estimate p. 251) fohows from 

Proposition 3.5. There is a family Qres of bounded self-adjoint operators Qres with the 
following properties: 

(i) L"^ boundedness, 

\\Qres\\L-^L-<l, 

(ii) X boundedness, 

\{QreeU,f)\<\\Tpf\\x'\\TpU\\x, 

(Hi) Positive commutator, 

sup {Cu,u)>ci\\Tpu\W-C2\\{x)~'^{u-Up)\\\2 . 

Proof. We construct Qres as in the non-resonant case but with the modified truncation 
operator 

Qres^ PpQTp' 

with Q given by 

The properties (i) and (ii) are straightforward. For (iii) we note that 

SkTpU = Skp{u - Up) 

while 

TpAu = pAu + c(l — p) y (1 — p)A{u — Up)dx ~ pA{u — Up) — c(l — p) J i'^ ~ Up)Apdx. 

Hence we can express the bilinear form {Au, Qresu) in terms of the operator Qp in the 
nonresonant case 

{Au, Qresu) = {A{u - Up), Qp{u - Up)) - c J {'^ - Up)Apdx ((1 - p),QTpU) 
which implies that 

{CresU, u) = {C{u - Up), U - Up) + c3 J {u - Up)Apdx ((1 - p) , QTpU) . 

Hence we can apply part (iii) of Proposition 13.21 and (|3.22p to obtain the desired conclu- 
sion. □ 
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3.4. Non-trapping metrics: Proof of Theorem 11.111 This requires some modifica- 
tions of the previous argument. First of all, instead of the energy estimate (13. 2p . we need 
a straightforward modification of it, namely 

(3.26) \\u\\l^^.^ < WuoWh + ii/iiiij^. + WuywhU,. 

We still need the exterior local smoothing estimate (|3.3p . However, now we can comple- 
ment it with an interior estimate, namely 

(3.27) 11(1 - p)u\\l < llullic.^. + ll/illij^. + \\pu\\l 11(1 - p)f2\\% + 11(1 - P)u\\%^^. 

The conclusion of Theorem 11.111 is obtained by combining the three estimates p.26p , 
(lO) and dS^Il). 

It remains to prove (|3.27p . This is obtained by applying to the function w = (1 — p)u 
the local bound 

Proposition 3.6. Assume that the coefficients a'^, 6*, c are real and satisfy (|1.4p . (|1.5p . 

and (|1.6p . Moreover, assume that the metric a*-' is non-trapping. Let v be a function 
supported in {\x\ < 2^^+^} which solves the equation 

(3.28) (A + A)v = gi + 52, f (0) = vo 
in the time interval [0,r]. Then we have 

(3.29) ll^f . < \\v\\l^,. + + \\g2\\\ . + Ml. . 

Proof. We use again the multiplier method. The following lemma tells us how to choose 
an appropriate multiplier. 

Proposition 3.7. Assume that the coefficients a^^ satisfy (jl.4p . Moreover, we assume 
that the Hamiltonian vector field Ha permits no trapped geodesies. Then there exists a 
smooth, time-independent, real-valued symbol q G >5';'Jo,„ so that 

Haq>\^\, m{\x\<2''+^}. 

This proposition is essentially from [SJ , if a^^ were smooth. See also Lemma 1 of [23] , 
which includes some discussion of the limited regularity. 

Working in the Weyl calculus and using this multiplier Q, we compute 

^(«, Qv) = -23((A + A)v, Qv) + i{[A, Q]v, v) 

which after time integration yields 

{i[A,Q]v,v) = {v,Qv)\l + 2'i{gi+ g2,Qv). 

For the second term on the right, we apply Cauchy-Schwarz and use the and 
boundedness of Q to obtain 

\{{Dt+A)v,Qv)\ < Ml^Li + \\9i\\%Li + II.92IL -illHL^i- 

Hence 

m,Q]v,v) < Ml^^, + llsillij^. + II52II -1 IMU 1 . 
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Then it remains to prove the positive commutator bound 
(3.30) m,Q]v,v)>ci\\v\\^ 1 -C2|k||i2 . 

The positive contribution comes from the second order terms in P. Precisely, we have 

i[D,a'W,,Q{x,D)]^0p{Haq) + 0{\)v2^L-- 

The first symbol is positive, and we can obtain a bound from below by Garding's inequal- 
ity. The first order term yields an bounded commutator, and the zero order term is 
bounded by itself. 

Here, we remind the reader that we are not working with classical smooth symbols 
but instead with symbols of limited regularity, and we refer the interested reader to the 
discussion in Taylor p. 45] for further details on these otherwise classical results. □ 



3.5. Non-trapping metrics: Proof of Theorem I1.12i The argument is similar to 
the above one, with some obvious modifications. Instead of (|3.26p we have 

(3.31) \\u\\l^^. < WuoWh + WhWliLi + Mxmix' 
while (|3.27p is replaced by 

(3.32) 11(1 - p){u - up)\\j, < \\u\\l^L. + \\h\\%L2 + Mu - u,)\\% + WhWjc' 

+ \\{x)-^iu~u,)\\l.^. 

The conclusion of Theorem ll.l2l is obtained by combining the estimates p.3ip . (I3.25P 
and (|3.32p and applying (|2.9p to reduce the error terms to the form presented in (|1.23p . 

It remains to prove (|3.32p . We first compute 

DtUp = 





— p) dx^ 








— p) dx^ 



The function v ^ (I — p)(u — Up) solves 



Pv^{l-p){h + f2)-{l~p)[]{l-p)dx) \{h + hAl~p))-{u-Up,A{l-p)) 

+ [A(1-P)](w-Mp). 

Then we apply (|3.29|) to v to obtain 

M\ 1 < Ml^L^ + 11(1 - P)h\\llL^ + \U. (1 - P)]{U - Up)\\ 

+ II(1-P)/2||^„_1 +ll(:^)-'(^-«p)llij 



and follows. 
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4. Time independent nontrapping metrics 



The aim of this section is to prove Theorems I1.19|1.2ll Thus we work with a non- 
trapping, self-adjoint operator A whose coefficients are time independent. We prove 
Theorem 11.191 in detail, and then outline the modifications which are needed for Theo- 
rem OT] 

4.1. Proof of Theorem 11.191 Here we shall provide the details for the n ^ 2 case. The 
general case follows with the obvious logarithmic adjustments to the X spaces in n = 2. 

We break the proof into steps. 

Step 1: Without any restriction, we assume that uq = and that u is the forward 
solution to (jl.ip . Nonzero initial data uq can be easily added in via a TT* argument. 

Step 2: We add a damping term to the equation 

{Dt+A- ie)u, = f 

in order to insure global square integrability of the solution u^. Applying our nontrapping 
estimate (|1.22p we have 

(4-1) \\Ue\\x ^ WfWx' + IkelU? JRxi3(0,2fl))- 

We want to eliminate the second term on the right (when we add Pc on the left). 

Step 3: We want to take a Fourier transform in time and use Plancherel's theorem. For 
this we need to work with Hilbert spaces. These are defined using the structure introduced 
in the previous section. We denote by a a family of positive sequences (a(fc)j)j>fc- which 
have sum 1 for each k and by A the collection of such sequences. For a G A we define 
the Hilbert space Xa with norm 

ii"iiL = E2'ii^'="iik,.<., + ii(^)"'«iil% 

k 

as well as its dual X'^. Since 

\\u\\x ~ sup \\u\\x, ~ inf 

aeA "£-4 

we can rewrite (14. ip in the equivalent form 

\K\\x^ < ll/llx^^ + heLf JRxB(0,2i?.)), a, P € A. 

We denote by X^ the spatial version of Xa, i.e. Xa = L^Xa- Then we take a time 
Fourier transform, and by Plunderer this is equivalent to 

H'WeIIl^xo < II/IIl2(xO)' + \\'Ue\\Ll JRxB(0,2R))- 

This is in turn equivalent to the fixed r bound 

\\UeiT)\\xo < \\f{T)\\(x«y + \\UeiT)\\mB{n,2B.)), 

which we rewrite in the form 

ll^llxo ^Wi^-T- isMi^xOy + ||w||L2(B(0,2fl)), 
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or, optimizing with respect to a, /5 G A, 

(4.2) \\vyo <\\{A-T- ie)v\\^xoy + \\v\\ l^(b (0,2 r})- 

A similar computation shows that the estimate that we want to prove, namely (|1.26[) 
with uq = 0, can be rewritten in the equivalent form 

(4.3) ll^ct'lUo <||(A-r-*£)«||(^o), 
uniformly with respect to r g R, e > 0. 

Step 4: When \t\ is large, (|4.3p follows from (|4.2p combined with the elliptic bound 

(4.4) r'^^\HLHB(o,2R)) < |k||^o + ||(^-T-ze)t-||(^o),. 
To prove this we replace t; by w = (1 — p)v and rewrite it in the form 

r'/nw\\L^<\M^i+\\{A-T-ie)w\\^_r 

for w with compact support. Since 

r\\w\\^^. < \\iA^r~ie)w\\^_.+\\Aw\\^_s < \\{A - r - ie)w\\^_i + \\w\\^i, 

the bound (|4.4p follows by interpolation. 

Step 5: For r in a bounded set we argue by contradiction. If (|4.3p does not hold 
uniformly then we find sequences 

and Vn £ with PcVn = Un and 

II (A - T„ - ien)Vn\\i^x'>y 0, \\Vn\\L^{B{n,2R)) = 1- 

On a subsequence we have 

Vn ^ V weakly* in 

1 

Since C Hj^^^, on a subsequence we have the strong convergence 

Vn^v in Lf^^. 
Hence we have produced a function v with 

(4.5) wel", Pcv^v, {A-t)v^O, ||f ||l2(b(o,2k)) = 1- 
Depending on the sign of r we consider three cases. 

Step 6: If r < then, using the bound (|2.16p for the lower order terms in A, we 
obtain 

\\D,a'WjV~Tv\\f^^oy < \\v\\^o. 

Then 

\\v\\lo>{v,D.a''D,v-Tv)>\\v\\l^, 
and therefore v € is an eigenfunction. This contradicts the relation PcV ~ v. 

Step 7: If T = then there is either a zero eigenvalue or a zero resonance, both of 
which are excluded by hypothesis. 

Step 8: It remains to consider the most difficult case r > 0. Here the properties 
(|4.5p of V are no longer sufficient to obtain a contradiction. Instead we will establish 
an additional property of v, namely that v satisfies an outgoing radiation condition. In 
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order to state this, we need an additional regularity property for v. We define the space 
^med with norm 




which coincides with the X° norm for intermediate frequencies but improves it at both 
low and high frequencies. Then we claim that v G ^med- More precisely, we will prove 
the elliptic bound 

(4.6) \\v\\x'^^^<\\vy„ + \\{A-T-ie)v\\^^oy, < to < r < n 
with implicit constants which may depend on the thresholds tq, ti. 

Now we define the closed subspace X^^^. of X", 

XLt = e XL, ■■ lim \\r-'^Hdr - *ri/2)„||^ ^ Q}, 
and also claim that v has the additional property 

(4.7) V G 11,. 

In other words this implies that u is a resonance contained inside the continuous spectrum. 

We postpone the proof of (|4.6p and (14. 7p and conclude first our proof by contradiction, 
by showing that there are no resonances inside the continuous spectrum. Such results 
are known, see for instance [T], but perhaps not in the degree of generality we need here. 
In any case, for the sake of completeness, we provide a full proof. 

Let X be a smooth spherically symmetric increasing bump function x with x(^) = 
for r < 1/2 and x(^) = 1 for > 2. Since A is self-adjoint, for large j we commute 

0='-{[A,x{2~'r)]v,v) 

+ 2-^(^b'^x'{2~^r)v,vy 

Using the Schwarz inequality, (|1.8p . and the outgoing radiation condition, we conclude 
that 

(4.8) lim \\r-'^\\\L2^D,)^0 

which shows that v has better decay at infinity. We note that this is the only use we 
make of the radiation condition. From this, by elliptic theory, we also obtain a similar 
decay for the gradient, 

(4.9) lim \\r-'/^Vv\\mD,) = 0. 

To conclude we use (|4.8I) and (|4.9p to show that in effect u G L^; i.e. v is an eigenvalue. 
Then by the results of [161 v must be 0. Here, we shall again use a positive commutator 
argument. The multiplier we use is the operator Qk, for some /c < 0, in Lemma 13.31 but 
where for simplicity we set 6=1. We have 

= -2^{QkV, (A - t)v) = {Ckv, v) - 2Q{QkV, {VD, + D,V + c)v) 
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where 

The expression of the operator Ck is exactly as in the formula (|3.10p but with unmollified 
coefficients a*-' . The main contribution Cjl is estimated as there by 



(2'= a;) 

while the error terms are bounded by 

•k{\x\) 



respectively 

The expression ^{QkV, {V Dj + DjV + c)v) can also be included in the two error terms. 
Thus we obtain 



^Vv,Vv'^ + {{x)-\,v). 



(2'=x) 

For \x\ > 2^^ we have, by ([SJ]! . 

k{x) < ea{2''x); 

therefore the first term on the right is essentially negligible. We obtain 



At the same time we have 



; a{2>^\x\) 



which after an integration by parts yields 



a(2'=|x|), ,2 , / /■ a{2''\x\),^ , ; , v 2, ,2 , 
^ ' '^'v\^dx< / ; ' '^ \Wv\^dx+ {x)-^\v\^dx. 



{2''x) ' ' ^ J (2'=.t) 
Combining the two relations we obtain 
0(2*^1x1) 



^ (IVwr + Iwhdx < / \yv\'dx+ {x)-'\v\^dx. 

\2. x) Jjj 



<M 



Finally we let fc — > — 00 to obtain 



( iVwp + Iwpdx < / |Vwpdx+ [ {x)-^\v\^dx < 00 

J Jd^m J 



which shows that w e L^. 



We note that (|4.8p and (|4.9p are not used in any quantitative way but serve only to 
justify the previous computations. More precisely, one can introduce in the computation 
a cutoff outside a large enough ball and then pass to the limit. 

It remains to prove (14. 6p and (|4.7p . 
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Step 9: Here we prove (|4.6p . We begin with the bounds on v. This is trivial for the 
high frequencies of w, 

\\S>ov\\x^< ^ Ikllxo. 
To estimate the low frequencies, we compute 

(r + ie)S^QV = S'<o^w — 5<o(^ — r — ie)v. 

Writing A in the generic form 

A = D^a + Db + c, 

we have 

\\S<ov\\x° S \\S<oD'^av\\xo + \\S<obv\\xo + \\S<ocv\\xo + \\S<o{A - r - ie)v\\xo 

< \\av\\xo + \\bv\\xo + \\cv\\xo + \\{A ~ t - ie)v\\^xoy 

< \\v\\xo + \\{x)-^v\\l2 + ||(A - t - ie)v\\^xoy. 

Once we control ||w||jfO, we can also obtain control of || Vti||jfO by a straightforward elliptic 
estimate. 

Step 10: Here we prove the outgoing radiation condition (|4.7p for v. This is obtained 
from similar outgoing radiation conditions for the functions Vn- However, d„ only con- 
verges to t; in a weak sense. Hence we need to produce some uniform estimates for Vn 
which will survive in the limit. 

(4.10) \\r-HDr-r^)u\\l.^o^^ 

OQ 

<^2-^(^--')" [\\{r)HA^T~^s)uU.^o.^\\{rrHu,Vu)U^n,^ 

fc=0 

+«;fe||r-^(w,VM)||i2(c^)^ 
In other words, there is decay when k < j. Applying to w„, in the weak limit we obtain 

oc 
k=0 

which implies (|4.7p . 

The lower order terms in A can be treated perturbatively in (|4.10[) . I.e. they can be 
included in the right hand side. Hence without any restriction in generality we assume 
that 

A = D.a'Wj. 

We use again a positive commutator method. The multiplier is the self-adjoint operator 

where the coefficient h{R) is smooth, increasing and satisfies 

1 R > 2^+2 



with 5 a small parameter. We write 

(4.11) - 23(Qu, (A - r - ie)u) ^ {i[A, Q]u, u) - 2£{Qu, u). 
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We expect to get the main positive contribution from the first term on the right. The 
second term on the right on the other hand is essentiaUy negative definite due to the fact 
that its symbol is negative on the characteristic set oi A — t. FinaUy, the term on the 
left is bounded simply by Cauchy-Schwarz. 

To shorten the notations, in the sequel we denote by E error terms of the form 

E ^ DO{b{R)r-'^K{\x\))D + 0{b{R)r-^ k{\x\)). 

Such terms occur whenever a*^ is either differentiated or replaced by the identity and are 
easily estimated in terms of the right hand side of (|4.10p . 

We evaluate the commutator i[A, Q]. A similar computation was already carried out 
in (|3.17p . which we reuse with fc = 0. (5 = 1 and (j){r) = b{R)/R. We obtain 

+ b'{R){A -t) + {A~ T)b'{R) + 2 {dx ~ r^r) {xD - rr^) + E. 

Our choice of b insures that the coefficient in the first two terms is positive, 

2^-b'{R)>0 R>1. 
R 

Hence we obtain 

{i[A,Q]u,u) > 2{b'{R){Dr -T^)u,{Dr -T^)u) +2?fi{{A-T -ie)u,b'{R)u) + {Eu,u) 
where we have inserted a harmless e term. 

It remains to evaluate the second term on the right in (|4.1ip . We have 

- (A: - D,^^)a^^b{R)[D, - ^^^^D^) - 

The first and third terms are negative while the last term can be included in E. Hence 
we obtain 

T^Qu,u) < ^{b{R)u, {A-T- ie)u) + {Eu,u). 
Returning to (|4.1ip . we insert the bounds for the two terms on the right to obtain 
{b'{R) {Dr-T^)u, {Dr -T^)u) <^{{A-T- ie)u, {2b' (R) + eT-h{R) + iQ)u) + {Eu, u) . 
In the region Dj, we have b' ~ 2^^ « r^^; therefore (|4.10p follows. 

4.2. Proof of Theorem ll.21l We proceed as in the nonresonant case. The bound (|4.ip 
is replaced by 

(4-12) \\u4x < WfWx' + \\Ue ~ UeplU^ JRxi3(0,2i?))- 

Using Plancherel as in Step 3, this is equivalent to the spatial bound 
(4-13) ||w||xo < ||(^ - T - ie)v\[xoy + ||w - Wp||L2(B(o,2i?,)) 
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where X'^ is the fixed time counterpart of X. On the other hand the estimate that we 
want to prove, namely (|1.28p with uq = 0, has the equivalent form 

(4.14) \\v\\xo < \\iA-T-te)v\\^x-y 
uniformly with respect to r G M, e > 0. 

For T away from we can easily bound the local average of v. We have 
(r + ie)vp = {Av)p - {{A - t - ie)v)p. 
Therefore, by Cauchy-Schwarz, 

^ ll(^ - ^ - i^Mixoy + \HmB{o,2R))- 
Hence we are able to bound v in X'^ as well, 

(4.15) Ikllx" ^ + lklU^(s(o,2fl)), k|>To. 
Consequently, the argument for large r rests unchanged. 

Consider now the proof by contradiction. 

In the case r < 0, we use the bound (|2.17p instead of (|2.16p for the lower order terms 
and show that v is an eigenvalue. However, by the maximum principle, there can be no 
negative eigenvalue for A. 

The case t = is the interesting one. Then v satisfies 

veX, Av^O, \\v - Vp\\l2ib(o,2R)} ^ ^■ 

Hence w is a zero generalized eigenvalue; therefore it must be constant. But this contra- 
dicts the last relation. 

Finally, due to (|4.15p . the case r > is identical to the nonresonant case. 
4.3. Proof of Remark [17231 If At; = then from 

0= {A{v-VD,),X<j{v-VD,)) 

and integration by parts, we obtain 

/ \Vvfdx< [ \x\-^\v-VDfdx. 
Jd^, Jd, 

The right hand side is square summable with respect to j; therefore it decays as j ^ cxd. 
We conclude that = 0, and therefore v is constant. 

5. Strichartz estimates 



In this section we combine the smoothing estimates of the preceding sections with the 
long-time paramctrix construction of |28j to obtain the Strichartz estimates of Theorems 
O [m [TTal fm [L201 [T:221 We begin by recalling the relevant results of [28]. A 
first result asserts that full Strichartz/local smoothing estimates hold under a smallness 
assumptions on k in p.4p . 
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Theorem 5.1 f[28|). Assume that the coefficients a*^ satisfy p.4p with k sufficiently 
small and 6 = 0, c = 0. Then for any Strichartz pairs (pi, qi), {p2, (72)7 the solution u to 
(jl.ip satisfies 



(5.1) ll«llL-L-nx< IkollL^ + ll/ILp: 



l:^lI^+X' 



For large k, which is the case we are interested in here, it is shown that 

Theorem 5.2 ([H])- Assume that the coefficients a'-' satisfy (II. 4p and = 0, c = 0. 

Then there is a parametrix K = KkSk for Dt + A with each Kk localized at frequency 
1^ so that the following properties hold: 

(i) For any Strichartz pairs {pi,qi) and (^2,92) we have 

(5.2) WKkSkfh^^^Ll^nx, < ll^fe/ll^pi^.^ 



(5.3) II^/llL-L^inx<ll/II^Pi^,i. 
(ii) For any Strichartz pair {p,q), we have 

(5.4) l|((A+A)i^-/)/|U'< 11/11^.'^,'. 

As a consequence of this, it is also proved in [28] that 

Theorem 5.3 ([28]). Assume that the coefficients a^^ satisfy (jl.4p and 6 = 0, c = 0. 
Then for any Strichartz pair (p, q), we have 

(5.5) WAh^tLl ^ \W\\xnL-^Ll + 

These are slight modifications of the results in [28] as our assumption (II. 4|) is not scale 
invariant and as such we have modified the definitions of Xk and A(^k) slightly. Scale 
invariance, however, was only assumed in [28| as a convenience, and the modifications 
that are necessary to adapt the proofs to the current setting are straightforward. 

The above results are suitable for the high dimension n > 3 and for the low dimensional 
resonant case. However, for the low dimensional nonresonant case, we need a modified 
formulation of the last two theorems. 



Theorem 5.4. Assume that the coefficients a*^ satisfy (|1.4p and h — c — Q. There 
there is a parametrix K for Dt + A with the following properties: 

(i) For any Strichartz pairs {pi,qi) and {p2,Q2) we have 

(5.6) \\Kf\\^^Ll^nx<\\f\\^.'.^^.- 

(ii) For any Strichartz pair {p, q) , 

(5.7) ||((A+A)i^-/)/||^,< 11/11^,,^,,. 



As a consequence of this, by the same duality argument as in [28) . we obtain 
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Theorem 5.5. Assume that the coefficients a*-' satisfy (|1.4p and b — 0, c — 0. Then for 
any Strichartz pair (ja, q), we have 



(5.8) 



Proof of Theorem \5.4\ The conclusion of the theorem follows by replacing the parametrix 
K with (1 — T)K + R, where T and R are linear operators which are translation invariant 
in t and have the following properties: 

(5.9) m'T)u\\^<\\u\\x, 

(5.10) IKi-m/IL-L- < 

(5.11) WARfWx' + P/llxnL-L- ^ WfK'^hl^^ 

(5.12) \\ATu\\x' + \\TAu\\x' < \\u\\x, 

(5.13) ||(r-Ai?)/b'<ll/lli.'i,'- 
We seek T, R of the form 



Tu^ ^t^SkU, Rf^ ^kSkf 

k— — oo k— — oo 

where the operators T^, Rk are localized at frequency 2*^, respectively > 2^ and are 
defined by 

-1 

n = u{t,Q)<t>u, Rkf = Mx)Dt'SlJ{t,0) - ^(0,+i(a:) - cj,,{x))D-' Sl^^f{t,0) 

with 4)k{x) = (t>{2^x) and 

0(0) = 1, supp^c{|C|e [1/2,2]}. 

Notice that Tu = u™ with w*" as in Section 12.21 As such, the bound (|5.9p follows 
directly from (12. 2p and (|2.5p . The bound (|5.10p follows similarly using a Bernstein bound, 
Littlewood-Paley theory, and (|5.2p . For (|5.12p we use Proposition 12.21 to replace A by 
J2^{k)Sk- Then we use the spatial localization coming from T, p.3p . and the two 
derivatives gain from A^i^y 

We consider now the X bounds in (|5.1ip . For the second term in the left of (|5.1ip . 
using Bernstein's inequality twice yields 

||(0,+i(a;) -0,(x))A"'^>2,(5fc/)(i, 0)11^^. <2^^2''''"'+*~^Vfc/(t, 0)11^,. 

= 2t^'-'^\\S,f\\ , ,. 
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The j = term in is estimated in a similar fashion. Summing with respect to 
k < j < we use the off-diagonal decay to obtain 




2\ 2 



\mx<\ >: I >: 2^^''-^\\s,f\\^,^^,.^ 



\k — — QO 



The bound X bound for the second term in the left of (15.1111 then follows from Littlewood- 
Paley theory. The L^^LI^ estimate follows from similar applications of Bernstein esti- 
mates and Littlewood-Paley theory. 

For the first term in the left of (15. lip , we may apply Proposition 12.21 to again replace 
A by J2^(k)Sk- As the derivatives in Af^f^'f yield a 2^*^ factor, the estimate for the first 
term in (I5.11|) follows from a very similar argument. 

In order to complete the proof of (|5.1ip . we examine the part of the X norm. We 
may first apply p.lOp and p.2p to reduce the problem to the bound 

\\Y.^''-^''-I'\\lIA{\^\<i}) - ll/ll^p^i^ 

k<0 * 

in dimensions n = 1,2. Here we use the fact that 0j+i(O) — 4>j{0) = 0. Using this gain 
in a fashion similar to that from Section [2^ we have 



Thus, arguing as above, 

||i?.^fc/IU^({l.|<i})<E2'2''^"'^*"'^2t'=||5fe/||^,,^,, 
j>k * 

This can clearly be summed to yield the desired bound. 

It remains to prove (j5.13p . For this we will show the bound 

(5.14) ||(x}(r-Ai?)/||L^< 11/11^.'^,'. 

We have 

(T - DtR)f - - E f ^oSUSkf)it, 0) + - cj,,)S'^,^{Skf){t, 0) 

k<0 \ j=k 

Arguing as above we obtain 



respectively 



||(0,+i -(/),)^<2,(^fc/)(t,0)|U2 <2^2^^ , , 



-0,)^<2,(^fe/)(t,O)|U2 <2^^ ll^fe/ll^pS.^,^ 
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and similarly for the j — term. Then (|5.14p is obtained by summation using the 
ofF-diagonal decay and Littlewood-Paley theory. □ 

Theorems 15.41 [5T5] will allow us to derive Theorems ll.5l fTTSl 11.201 from Theorems 11.31 
[TjT| [LTQI Similarly, Theorems EH will allow us to derive Theorems [HI \T7\A\ 
from Theorems [LH mill [L2n 

5.1. Proof of Theorems 11.131 11.201 11.141 11.221 The four proofs are almost identical, 
so we discuss only the first theorem. Suppose the function u solves 

Pu = f + g, feX', g^Lfhi 

with initial data 

u(0) = uo- 

We let K be the parametrix of Theorem 15.41 and denote 

V — u ~ Kg. 

Then 

Pv = f + g-PKg, v{0)=u{0)-Kg{0). 
Using the bounds (|2T6l) . ([Q]) . and ([ST]) . we obtain 

\\vm\L^ + \\pv\\x' < \wm\L^ + wfWx' + 

Then Theorem 11.111 gives 

hhrLinx + WP^Wx' ^ \WmL^ + WfWx' + M^.'.^^. + lklL?,.(A<.«)- 

Hence by (|2.16p and Theorem 15.51 it follows that 

hh^LlnX + IkllL^LS^ ^ imO)|U2 + 11/11^, + llsll^Pi^,^ + hhlJA^.n)- 

Using again (|5.7p we return to u to obtain 

hh^Linx + II^IIl^ls^ ^ II"(o)IIl^ + WfWx, + llsll^Pi^,^ + II"IIl?,.(a<.„) 

concluding the proof of the Theorem. 

5.2. Proof of Theorem 11.51 Suppose the function u solves 

Pu^f + pg, feK, g^Ll-hi 

with initial data 

u(0) = uo- 

We consider two additional spherically symmetric cutoff functions pi and p2 supported 
in {\x\ > 2*^} so that p2 = 1 in the support of pi and pi = 1 in the support of p. 

Let K be the parametrix of Theorem 15.41 and denote 

V = u — piKpg. 

Then 

Pv = f + P2{pi{pg - PKpg) - [P,p^]Kpg), v{Q) = u(0) - piKpg{Q). 
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Using the bounds (|2.16p . (|5.6p . and (|5.7p . we obtain 

\\v{0)h2 + \\Pv\\^, < ||«(o)|U. + 11/11^, + llfflL ,^ 

where is similar to X'^ but with p replaced by p2- Then we can apply Theorem 11.31 
to V to obtain 

ML^LlnX^ + WP^'Wx'^, ^ \Wm\L-^ + ll/llx^ + bll^Pi^,^ + I1^'IIl?,,(|.|<2M+i)- 

We truncate v with p and compute 

Ppv = [P, p]v + pPv. 

Then we can estimate 

hhrLl + \\pv\\x + \\Pipv)\\x' ^ \Wm\L^ + WfWx^ + + MIl?,J|x|<2M + 1)- 

Hence by p.l6p and Theorem 1 5 . 51 applied to pv, we obtain 

Ml^LI + IIPvlllnLfiL?! - h(0)IU^ + WfWx' + hLp^r''^ + \HLjJ\x\<2" + ^)- 

Finally, we use (|5.6p to return to u and obtain 

\\u\\Lf-Ll + \\pu\\xnL^iLli < ||w(0)||l2 + WfWx, + hW^p'^^.^, + \\u\\lIJ\x\<2M+i), 

concluding the proof of the Theorem. 

5.3. Proof of Theorem 11.61 The argument is similar to the one above. The chief 
difference is that we can no longer use the truncations by p, pi, p2 and instead we use 
the modified truncation operators such as Tp. 

Suppose the function u solves 

Pu^f + pg, feX'^, geL^-Li- 

with initial data 

u(0) = uo- 

We let K be the parametrix of Theorem 15.11 and denote 

V = u- Tpjypg 

Then we can write 

Pv^J + Tp,{Tp,{pg - PKpg) - [P,Tp,]Kpg), v{0) = u{Q) ~ Tp,Kpg{0). 
Here we compute the commutator 

[A,Tp-^]w = Api{w-Wp^)~piA{w~Wp^)-{l-p){Aw)p^ = [A, pi]{w~Wp^)-{l-p){Aw)p^. 
Also we have 

(Aw)pj = Cp ~ Pi)A{'w ~ Wpjdx = -Cp J - Wp^)Apidx. 

Then using the bounds (|2.17p . (|5.3p . and (|5.4p . we obtain 

||«(0)|U. + llPHlx^^ < ||u(0)|U. + WfWx. + ||5lLp^,,;- 
By Theorem [L3] for v we get 

IklUri^nx. + WPvWx'^, < \HO)\\l^- + WfWx'^ + ll.9ll^Pi^,^ + 11(1 - P)i^ - ^p)\\lI^- 
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We truncate v with Tp and compute as above the commutator [P, Tp] . Then we estimate 
Ml^li + \\Tpv\\x + \\P{Tpv)\\x' < \\um\L^ + ll/IU- + ll.9ll^Pi^,^ + - p){v - Vp)^.^^. 
Hence by (|2.17p and Theorem 15.31 applied to TpV, we obtain 

WvhrLl + \\Tpv\\xnLrLl^ ^ ll"(0)IU^ + WfWx^ + bll^Pi^,^ + 11(1 - P)iv - Vp)\\lI^. 
Finally, we use (|5.3p to return to u and obtain 

WuU^L. + WTpuWxnL'^.L.. < \\u{0)h2 + \\f\\x> + llsll^.i^,^ + 11(1 " P)(" " "p)IIl?,.' 
concluding the proof of the Theorem. 
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